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ABSTRACT

This article is devoted to study a new four-parametodel, called Modified New Extended Weibull diaftion,
that exhibits either increasing, unimodal or maifunimodal shaped failure rates. Some of itsssitzdi properties such
as moments, quantile, generating functions anditieh®of the order statistics are obtained. Theho@tof maximum
likelihood will be used, for estimating the modelrgmeters. The proposed model will be illustraldanalyzing a real
data set, and goodness of fit result of the prapasedel will be compared with Weibull and four a¢$ iforemost
modifications, including new extended Weibull (NBX, Flexible Weibull extension (FWEX), generalizaower Weibull
(GPW) and Kumaraswamy generalized power WeibulF@GRW) distributions.

KEYWORDS: Flexible Weibull Extension, Unimodal and Modifiddnimodal Failure Rates, Moment Generating

Function, Order Statistics, Maximum Likelihood BEsites
1. INTRODUCTION

The Weibull model, introduced by Weibull [10], is mopular statistical model for modeling lifetimetaa
where the hazard rate function is monotonic. Régaqpeared new classes of distributions were basednodifications
of the Weibull model, to provide a good fit to lifee data sets with monotonic failure rate. Theselifications, including
exponentiated Weibull (EW), introduced by Mudholkad Srivastava [9], the additive Weibull (AW) posed by Xie et
al. [11], the modified Weibull extension (MW Ex)tinduced by Xie et al. [22], the new modified Wdib{NMW)
introduced by Lai et al. [13], flexible Weibull extsion (FWEXx) of Bebbington et al. [8], Generalizédxible Weibull
Extension (GFWEX) proposed by Ahmad and Igbal §8ld other recent extensions of the Weibull modelppsed by
Ahmad and Hussain [1], [2] and [4]. Recently, Ahnaaal Hussain [3] proposed a new extension of théWemodel,
called NEx-W has the cumulative distribution fuant(CDF), given by
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The density function corresponding to (1), given by
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The survival function (SF) of the NEx-W distributids

oo

S(za,B,0)=¢e° ,
with hazard function (HF) given by
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In this article, a new generalization of the Wellmbdel named as Modified New Extended Weibull (MNE),
is introduced by mixing up two components. Whenee @omponent has the NEx-W model, while the ottes the

exponential model. The CDF of the exponentiallyriisited random variable, is given by
G(zA)=1-e"*, zA>0

Based on this density, by replacing z Wittmg(l—(;(z)), extensions of the Weibull model are defined by
(see Ahmad and Igbal [6] and Ahmad and Hussain [Bll)ere,—mg(l—e (z)) satisfies some conditions, see Ahmad

and Hussain [5]. So,

F(2)=[ " e o,

0
F(2)=1-(1-G(2))". 3)
The density corresponding to (3), given by

F(2)=19(2)(1-G@)"™ (4)

By using the CDF and PDF of NEx-W distribution B),(and in (4), one may have the CDF and the den$ithe
proposed distribution. The proposed distributiorvésy flexible and is able to model life time datéth increasing,
unimodal or modified unimodal failure rates. Thetref the article is structured in the following mmer: Section 2,
defines MNEXx-W distribution. The basic statistipabperties of the proposed model are discusse@dtidh 3. Section 4
and 5, covers the moment generating function aradof@l moment generating function, of the proposeddel.
The densities of the order statistics are derimesection 6. The estimation of the model paramésedsscussed in section

7. Section 8, offers analysis of a real data satlly, section 9, provides the concluding remarks.
2. MODIFIED NEW EXTENDED WEIBULL DISTRIBUTION

The CDF of the MNEXx-W distribution is defined byetfollowing expression

Bz - %
F(za,B,0,1)=1- e“e[ Z], za,B8,0 A> 0

()

The density function associating to (5), is given b

g}
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The SF of the MNEXx-W distribution is
- 2]

z

S(za,B,0,1)=e"* ,
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With HF,

Bz - %]

h(za,B.0.4) :/][a'ﬂz”‘1+22—gje( z), (6)

The possible shapes of the HFs of MNEx-W modelrdided, for four parameter combinations of the alad
figure 1 & figure 2. The shapes in figure 1& 2, for=0.5 and different values a, 5 andA displays that, the HF of

MNEXx-W distribution can either be increasing unirabr modified unimodal shaped failure rates:

5,
3,
9,
3
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Figure 2: HF of the MNEx-W Distribution, for a Choice Values of Parameters
3. BASIC PROPERTIES
This section of the papersderives the basic statigiroperties of the MNEXx-W distribution.

3.1. Quantile and Median
The expression for thé]th guantile Z, of the MNEx-W distribution is given by
o log(1-q
Bz] ——2—Iog{——( ) =0. ©)
z, A

Using g=0.5, in (7), we have the median of the MNEdistribution. Also, by setting q=0.25, and q=0.#5(7),
we obtain the tand & quartiles of the MNEx-W distribution, respectively

3.2. Generation of Random Numbers

The formula for generating random numbers from MNExistribution is given by
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Yevad —%—Iog{—log(/‘ﬂ}z 0, ROU(O)

3.3. Moments

If Z has the MNEX-W with paramete(rer, b5, U,A) , then ther™ moments of Z is derived as

0

U =J Z9(za.8,0,1)dz

o

1y =)IT (aﬁz T+ Zaje(ﬁza ) e‘”e[ﬂzy 7 ?]dz,
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i=0 j=0 ity

+ Zfi = (_l)i (| +_']_)j ,Gj (/])i+lT Zr—z(j+1)‘1er56+l)zad2 |
0

i=0 j=0 iyl

Finally, the following expression is observed

i i i i+1 r-2j
PEIE TRt i
T S ilj! (,B(I +1)r 2i 4 (8)
o i/ i i i I 7I‘—2(j+1)
aggtatrsur o)
i=0 j=0 1) a(ﬂ(|+1) o

4. MOMENT GENERATING FUNCTION

If Z~MNEX-W(Z;a,,8, J,A), then the formula for the moment generating func{iddGF) of Z is derived as

YROE) -7 ©)

Using (8), in (9), one can easily derive the MGRVINEXx-Wdistribution.
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5. FACTORIAL MOMENT GENERATING FUNCTION

If Z~MNEX-W(Z; a,pf, J,A) , then the factorial moment generating function (FM@f Z can be derived as

Ho(0) = E((1+0)")

H, () = je””““”g (za,B,0)dz

0

ﬁ:( (1+ 5)) ' (10)

Using (8), in (10), we can derive the FMGF of MNBXkdistribution.

6. ORDER STATISTICS

Let Z, Z, .. Z, are independently and identically distributedd).irandom variables taken from MNEx-W

(Z;O’,,B, U),in such a way thaIZ(l:k) <. . .SZ(k:k) . So, the density function of (i :k), i=1,2,3,..., k is
1 i-1 ki
9 (2) Beta(ik=i 1) 9(z®)[G(z®)]| [1-G(zD)]

Where, ® =(a,,0,4)

The density function of the minimum order statisti€ derived as
0. (2) =kg(2)[1-6(2)]"

pr -5 o - g

a-1 20 ( Zz] —)Ie[
9u (2)= kﬂ(aﬂz 7 )e e | (12)

Also, the density of the maximum order statistcdérived as

gkk [G ]
{p’ g\‘ (ﬂ g] k-1
Ui (2) = kA [aﬁz”’ 1+2—U] e( 2 e {1— e’* } . (13)
z
7. ESTIMATION
This section determines the maximum likelihood reates of the model parameters. Lét,Z,, .. Z, are
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drawn rparameters, thenx-W with parame@ar,gg, a,A), then the log-likelihood function of this sample is
K k kK | px-Z
InL =klogA +zIog[aﬁzi”'l+2—gj+2[ﬁzf’—%] —AZe[ Zi] . (14)
i1 Z i=1 Z i=1

Obtaining the partial derivatives of the expressdioif14), on a parameter, and then equating thaltregual to

zero, one may derive the following results

dinL _ & azo K < [e-5 (15)
= E: ' Z i Z i :
dg =1 (a'ﬁzi’"l + 203') i1 i=1

dinL =ﬁ k (O'Zi7 IOQ(Zi)+Zii)+IBZk: Zia Iog(zi)_/]ﬁzk:e[ﬁza_lz] Zia |Og(Zi). (16)

da i=1 = 20 i=1 i=1

{aﬁzf’ +3]
Zi

dinL _ & 23 L k Vl} (17)

nL _ Z; _ 1 e ‘

do Zi [ a1 20] Zl z’ ”'B; z?

aﬂzi t—3 I I

'n_L:E_ie(“”'?J (18)
d A i=1 '

From (15)-(19), it is quite clear that these expi@ss are not in closed forms, and cannot be sotwadually.
The statistical software can be utilized to soltilent numerically by deploying the iterative techmigusuch as, the
Newton-Raphson algorithm. The “SANN” algorithm ised in R language, to derive the numerical estisnatéhe model
parameters.

8. APPLICATION

To illustrate the significant improvement of the@posed model, an example is presented. The goodhdéss fit
result of the suggested model is compared withahéive other well-known lifetime models. The irstegative measures,

including Akaike’s Information Criterion (AIC), coected Akaike information criterion (CAIC), Hann&uinn
information criterion (HQIC) and log likelihood2l (.,Z). On deciding upon these measures, it is proved tthea

proposed model provides greater distributionalifiiixy.

Example: 1

The data set taken Bader and Priest [7], contaitfiagsingle fibers of 20 mm, with a sample of €3¢ The data
are: 1.901, 2.132, 2.203, 2.228, 2.257, 2.350,12.28396, 2.397, 2.445, 2.454, 2.474, 2.518, 2.22325, 2.532, 2.575,
2.614, 2.616, 2.618, 2.624, 2.659, 2.675, 2.7381(®.2.856, 2.917, 2.928, 2.937, 2.937, 2.977,8.9930, 3.125, 3.139,
3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.2794.3.332, 3.346, 3.377, 3.408, 3.435, 3.493,13.8(5637, 3.554, 3.562,
3.628, 3.852, 3.871, 3.886, 3.971, 4.024, 4.02251.4.395 and 5.020. The selected criteria oMhEX-W, NEx-W, W,
FWEXD, GPW and Ku-GPW distributions are summarizetble 1.
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Table 1: Goodness of Fit Results for MNEx-W, NEx-WW, FWEXx, GPW and Ku-GPW
Dist. Max. Likelihood Estimates —2logl AIC CAIC HQIC
MNEX-W | & :0194,,3:1.071,5:13,95,/1 =1.023 54.347 | 113.987| 114.465% 117.324
NEx-W & =0.254, f=1.711,5=23.65 56.474 | 118.949] 119.356 121.478
W & =5.049, $=3.315 61.957 | 127.914] 128.114 129.445
FWEXx [3’: 0.307 ,0 = 1.396 61.592 127.19| 127.399 128.890
GPW @ =3.151, ,é:19.824 , 0=179.363 69.271 | 144.542 144.949 147.071
Ku-GPW | 4=40.07,b=1.41, 4 =0.67,3=2.21,0=0.46 | 56.946 | 122692 123745  126.907

9. CONCLUSIONS

In this paper, a new model called modified new edtzl Weibull distribution, has been proposed asd it

properties are studied. The proposed model isdatted by mixing up two components, one with neveeded Weibull

model and the other with an exponential distributidhe idea is to add an additional parameter o exeended Weibull

distribution, to introduce a more flexible moded, ®hat the hazard function is either increasingmadal or modified

unimodal shaped. Finally, by analyzing a real dat it is shown that, the proposed distributiooviies a better fit than

Weibull

and some of its well-known existing mod#tons.
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